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1. Introduction

We present a high order kinetic flux-vector splitting (KFVS) scheme for the numerical solu-
tion of a conservative interface-capturing five-equation model of compressible two-fluid
flows. This model was initially introduced by Wackers and Koren (2004) [21]. The flow
equations are the bulk equations, combined with mass and energy equations for one of
the two fluids. The latter equation contains a source term in order to account for the energy
exchange. We numerically investigate both one- and two-dimensional flow models. The
proposed numerical scheme is based on the direct splitting of macroscopic flux functions
of the system of equations. In two space dimensions the scheme is derived in a usual
dimensionally split manner. The second order accuracy of the scheme is achieved by using
MUSCL-type initial reconstruction and Runge-Kutta time stepping method. For validation,
the results of our scheme are compared with those from the high resolution central scheme
of Nessyahu and Tadmor [14]. The accuracy, efficiency and simplicity of the KFVS scheme
demonstrate its potential for modeling two-phase flows.

© 2009 Published by Elsevier Inc.

Two-fluid flow problems occur in various scientific and technical disciplines ranging from environmental research to
modeling of operations in nuclear, chemical or processing engineering installations. The modeling and simulation of these
flows is one of the most challenging problems in computational fluid dynamics. In such problems the flow regime of interest
contains two or more non-mixed fluids separated by sharp interfaces. A challenging part in the numerical simulation of these
models is the coupling of interface with the fluid flow model. Because, a coupling mismatch may introduce large errors in the

numerical simulations.

In this manuscript, a conservative interface-capturing compressible two-fluid model of Wackers and Koren [21,22] is con-
sidered. In this model, instead of an explicit interface tracking procedure, the fluid is treated as a mixture of pure fluids in the
vicinity of interface and reduces to a single fluid away from the interface. At the interface, there is a smooth but numerically
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smeared transition from one fluid to another. Hence, no additional equations are needed for capturing the behavior of flow in
the interfacial cells. The interface motion is implicitly realized from the solution of the flow model. In one space dimension
the model contains five equations. The equations include three bulk-fluid equations and mass and energy equations for one
of the two pure fluids. A source term in the energy equation is responsible for the exchange of energy between the fluids. The
energy exchange is only due to work; heat exchange between the two fluids is neglected. Because of the latter, the five-equa-
tion model of Wackers and Koren is not generally applicable. An extension of the Wackers and Koren model with a thermo-
dynamic work term is given in a recent publication of Kreeft and Koren [8]. The source term can be integrated exactly
through the shock wave, leading to an exact closure for the system in the case of discontinuous flow. The solution of this
model needs no explicit algorithm for the interface motion. Hence, the model can be easily implemented in the existing flow
solvers. Other interface-tracking models, such as the volume-of-fluid [6] and level-set [12,17] methods, require explicit
equations for the interface motion.

In the literature, other two-phase flow models also exist for describing the behavior of physical mixtures. These models
use separate pressures, velocities, and densities for each fluid. Moreover, a convection equation for the interface motion is
coupled with the conservation laws of flow models. In the literature such models are known as seven-equation models. One
of such models for solid-gas two-phase flows was initially introduced by Baer and Nunziato [3] and was further investigated
by Abgrall and Saurel [1,16], among others.

In the current five-equation model, the explicit relations for primitive variables are only possible if both fluids satisfy the
ideal-gas equations of state. For example, explicit relations are not possible if stiffened equation of state is used for one of the
two fluids. It can be easily seen that the given model is not closed for this choice of the equation of state. There is another
five-equation two-fluid flow model available in the literature [2,13]. In that model a separate convection equation for the
interface motion is coupled with the flow models. As a results, the last energy equation for one of the two fluids, which
is considered in the current model, disappears. Hence, the resulting two-fluid flow model is a homogeneous conservative
hyperbolic system. In that model, one can use any equation of state and primitive variables can be explicitly determined
from conservative variables.

Despite this limitation, the current model is more interesting to us due to the presence of differential source term in the
energy equation for one of the two fluids. Similar source terms in the seven-equation models not only make the system non-
conservative but also give a hard task to the numerical scheme. Such source terms, called nuzzling terms, appear in the mod-
els due to averaging. The solution of current reduced model with KFVS scheme will help us to understand the handling of
nuzzling terms in the seven-equation models.

In the light of above discussion, the KFVS scheme is extended for solving one and two-dimensional two-fluid flow model
of Wackers and Koren [21]. The proposed numerical scheme is based on the splitting of macroscopic flux functions of the
system of equations of two-fluid flow model. The upwinding bias in numerical flux function can be naturally obtained by
considering a fluid as a collection of particles. The movements of the particles in forward or backward directions automat-
ically split the fluxes of mass, momentum and energy into forward and backward fluxes across the cell interface, i.e.

F F'(W;) +F (W),

L=
i+

where W; represents a vector of mass, momentum and energy densities inside the cell I; := {x,;%,xi%]. In this scheme, we

start with a cell averaged initial data of conservative variables and get back the cell averaged values of the conservative vari-
ables in the same cell at next time step. In the two-dimensional case, the flux splitting is done in a usual dimensionally split
manner, that is, formula for the fluxes can be used along each coordinate direction. In order to get second-order accuracy,
MUSCAL-type initial reconstruction and Runge-Kutta time stepping method are employed.

Kinetic flux-vector splitting (KFVS) schemes have been widely used for the flow simulations in gas dynamics. Mandal and
Deshpande [10] have used KFVS schemes for the numerical solution of bump in a channel problem on structured meshes.
Numerically, it was found in [10] that the explicit flux function of KFVS scheme, by employing collisionless Boltzmann trans-
port equation, is similar to the flux function of van Leer [20]. The same result was first obtained by [5]. Moreover, Weatherill
et al. [23] have used high order KFVS schemes for the simulation of several two-dimensional problems on structured and
unstructured meshes. Recently, Xu [24] as well as Tang and Xu [18] have constructed an improved BGK-type kinetic flux-
vector splitting scheme which also incorporate particle collisions at the cell interfaces. Furthermore, Tang et al. [19] and
Xu [25] have implemented different KFVS schemes for solving shallow water equations.

For validation, the numerical results of the proposed KFVS scheme are compared with those from the central schemes
[7,14]. These predictor—corrector type methods are applied in two steps. In the predictor step, the mid-point values are pre-
dicted by using a non-oscillatory piecewise-linear reconstructions of cell averages. In the second corrector step, staggered
averaging, together with the predicted mid-values, are used to obtain the updated cell averaged solution. The second order
accuracy in the schemes is achieved by employing MUSCL-type reconstruction procedure. Like the upwind schemes, the non-
oscillatory nature of the scheme is guaranteed by using non-linear min-mod limiters. However, unlike the upwind schemes,
the central schemes do not need the complicated time-consuming (approximate) Riemann solvers. This advantage is more
attractive in the multi-dimensional cases where no exact Riemann solvers exist. Moreover, the central schemes are genu-
inely multi-dimensional because no dimensional splitting is required. The source term in the central schemes is approxi-
mated in the same manner as done by Liotta et al. [9] for relaxation-type hyperbolic conservation laws. A similar idea is
also used in this article to approximate the source term in the KFVS scheme.
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This article is organized as follows. In Section 2, the proposed one-dimensional two-fluid flow model is introduced. After-
wards, the one-dimensional KFVS scheme is derived for the numerical approximation of this model. We also briefly present
the one-dimensional central scheme. In Section 3, the two-fluid flow model and corresponding numerical schemes are ex-
tended to two-space dimensions. In Section 4, numerical test problems are presented. Finally, Section 5 gives conclusions
and remarks.

2. One-dimensional two-fluid flow model

In this section, we give a simplified compressible two-fluid flow model in which friction and heat conduction are ne-
glected. For more details about the model the reader is referred to the report of Wackers and Koren [21,22].

In the derivation of this model, it is assumed that the whole domain of flow is filled with the mixture of two-fluids. In the
macroscopic sense the fluid is a mixture, however on the microscopic level the two fluids retain their own properties. More-
over, both fluids have the same pressure and velocity. Hence, the fluids do not move relative to each other. The fluid elements
interact each other by exerting forces on each other, thus exchanging work.

As mentioned before, a complete two-phase flow model has seven unknown variables containing, two densities, two
velocities, two pressures and one variable describing the relative concentration of fluids. Such models contain seven equa-
tions, see [1,3,16]. However, the same velocity and pressure assumption for both fluids reduces the current model to five
equations with five unknowns. Hence, the state vector w of primitive variables has the form w = (p,, p,,u,p,Y)". Here, p,
is a density of fluid 1, p, is a density of fluid 2, u is a bulk velocity, p is a bulk pressure and Y is a measure of the relative
amount of fluid 1. To successfully integrate this model in time, we need five differential equations.

For bulk quantities, such as density p and total energy E, we assume that « is a volume fraction of fluid 1 which is chosen
as the variable Y. This means that a part « of a small volume dV is filled with fluid 1 and a part (1 — o) with fluid 2. Using
these conventions, we can define

p=op,+(1-0)p, pE=0apEr+(1-w)p,E> (1)
and the total energy of each fluid as

1 1
E, :€1+§U27 E;=e; +EU27 (2)

where e; and e, denote the internal energies of fluids 1 and 2, respectively.
The one-dimensional two-fluid flow model according to Wackers and Koren [21,22] is given as

W, + F(W), =S, (3a)
where
p pu 0
ou pu+p 0
W= pE |, FW)= puE +pu , $S=10 (3b)
P pyuc 0
p1Eia p1E1ua + pua S

Here, W represents the vector of conservative variables, F is a vector of fluxes, and S is a vector of source terms with only last
non-zero term.

2.1. Primitive variables

The system (3a) has five equations with seven unknowns (p, p;,u,p, e, e, ). Therefore, further two equations are needed
to close this system. This closure can be obtained by using the equations of state (EOS) required for describing the thermo-
dynamic behavior of two fluids. As mentioned before, it is assumed that both fluid obey the ideal-gas equations of state. With
this assumption, the relations for primitive variables are explicit. If both the fluids satisfy the ideal-gas law, i.e.

p=(y-1)pe (4)

with constant y representing the ratio of specific heats, then the total energies according to (1) and (2) are given as

1 1
plElu:Fpa+§p1au2, (5)

1 1
poEa(1 = 0) = ———=p(1 — ) + 5 (p = pyo)u, (6)
V2

B o 1-a 1 .,
pEf<y1_1+—y2_1>p+§pu. (7)
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Here, y, and 7y, are the ratio of specific heats for fluids 1 and 2, respectively. Rearranging Eqs. (5) and (6), we obtain after
using (1)

poa= = 1)1 - 3 i) ®

(1= 2) = (2~ D) ((0F) -~ (p1Er) 5 (0~ (PP ). ©)

By adding Eqgs. (8) and (9), we get an expression for p, i.e.

1 1
p= 0= D((0iE12) ~ 3 (020) + = 1)((0B) - (1 Ere) -5 (0 = (02 ). (10
After getting p, Eq. (8) can be used to obtain « as follows:
(71 = D((paEr2) =5 (pro)u?)
p

Hence, all the primitive variables can be explicitly obtained from the conservative variable. The energy equations are direc-
tional independent, therefore for two-dimensional problem the procedure of calculating primitive variables remains the
same. For two-fluid flows with y; =y, = 7, the terms p,E;« and p,« disappears from Eq. (10) and gives a reduced expression
for p in the single-fluid

o=

(11)

pz("/—l)(pE—%puz)- (12)

The source term s in the last equation of (3a) represents the transfer of energy from fluid 2 to fluid 1. We give here the
final expression for the source term. For more details about the derivation of source term the reader is referred to Wackers
and Koren [21,22]. The source term represents the exchange of energy into work. Both fluid elements move with the same
velocity, therefore the velocity of the interface is equal to the velocity u of the fluid elements. Let us define the mass fraction
of fluid 1 as

ﬂ:%. (13)

Then, the source term on the right-hand side of the energy equation for fluid 1 is given as

§ = puts + (% — Bupy = u(po), — ufpy. (14)

With the above explicit expression for source term, the system in (3a) along with equations of states is closed.

2.2. One-dimensional kinetic flux-vector splitting scheme

In gas-kinetic theory, the flux is related to the particle motion across a cell interface. The numerical discretization of given
system in (3a) corresponds to the evaluation of local macroscopic flux-vector F(W) through each boundary of the mesh cell.
The particle motion in the x-direction determines the flux function. The remaining quantities, such as densities, pressure and
volume fraction can be considered as passive scalars transporting with the particle velocity. Normally, particles are randomly
distributed around the average velocity.

According to statistical mechanics, the distribution of moving particles along each coordinate direction can be described
by local Maxwellian distribution. The Maxwellian distribution function fy; in the normal direction n is given as (e.g. [18])

1

a% 2 p 15
fut,n,vy) = p<ﬁ> expl—A(un — vn)], A= % (15)

In the one-dimensional case n € x and in the two-dimensional case n € {x,y}. In other words, we can use the same dis-
tribution for both one- and two-dimensional flows, see, for example [18]. The transport of any flow quantity is due to the
movement of particles. Let us consider the one-dimensional flow. With the distribution function fy in (15), one can split
the particles into two groups. One group is moving to the right with positive velocity (1, > 0) and the other group is moving
to the left with negative velocity (u, < 0). Before splitting the fluxes, let us define

(W) =1 :/ | (ﬁ)ze’““”*"‘")zdvm (16)

o0
1

o [T A e um?
W, =uy = p- Ve dv,. 17)

00

The above two moments are sufficient to split all the fluxes. In order to simplify the notation, we define
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NN

0y, = /O <%>2e7;~(unf\’n)2dvn = %erfc(—\/zun)7 (18)
0 /2 I 2 1

0oy, :/ <E> e~ un—m gy, = Zerfc(ﬁun) (19)

and
; ) 17 ) 2 o 1efi.u%

(V) = / (E) oy = un (), + 5 T (20)
0 5 % ) ’ le,;'u'Z‘

0= [ (5) me =t -5 2D

In the above equations, the positive sign represents those particles moving in the positive (right) direction and the neg-
ative sign represents the particles moving in the negative (left) direction. Moreover, the complementary error function is
defined as

erfc(z) = \/iﬁ /OO e Cdt. (22)

With the help of above flux-splitting technique, we can derive a KFVS scheme for solving (3a).
In order to apply a finite volume scheme, the first step is to subdivide the domain of interest into N sub-domains or mesh

cells. Let us define the cell I; by interval [xi,%x,-%} fori=1,2,---,N. Therefore, Ax = x; X;_, represents the uniform cells

+ T
width, the points x; = iAx refer to the cells center and the points x;.1,, = x; + Ax/2 represent the cells faces. We start with a
cell averaged initial data W at time step ¢ and compute the cell average updated solution W'*! over the same cells at the

next time step t"*!. This is performed easily by assuming the CFL condition

1
<& mree) =

where the speed of sound according to Wackers and Koren [21] is given as ¢; = \/(ay; + (1 — a)),)p;/p;. After having the
above definitions, we are ready to split the flux functions in (3a) as

pu
pu +p
FW) = PUE 4 pu =F +F, (24)
pyuc
pE1uo + puo
where
p 0
pu p
Fo= ()| PE+3p |+ 00| spu | (25)
P10 0
p1E1o+1pa Ipuo

Therefore, the flux-vector at the right interface of the cell I; is given as

F,=F +F, (26)

i+1°

Analogously, we can define the left interface flux-vector of the cell I, The integration of the (3a) over the cell

I = {xif%,xi +%] gives the following semi-discrete kinetic upwind scheme:
dw; Fi+% - Fi—% 1 [N
T

3

where the cell averaged value Wi, is defined as

1

= ax [ WitRdx (28)

1
2

W; == Wi(t)

il

and F,,; is given by (26).

i+3
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As a next step, we approximate the source term on the right-hand side of (27). In Eq. (3a), the source vector has only one
non-zero component which is given by (14). By using KFVS scheme, this component can be approximated in the following
manner:

[ sax= [ utpan, — uspy)dx = (o0~ (9o ) — @ (Pry ~Piy) =S5 5 (29)

where u; and (up); are the averaged values at the centroid of cell I; and S,y are the source term fluxes at the interfaces of the
cell I;. They are defined as

St = W(P)yy — (UP)Pry: (30)
where at the right interface of cell I;, we have
(p)i.y = (P) + (P21, Piyy = DPi + Py (31)

Similarly, one can obtain the left interface values. The splitting procedure is analogous to that presented in (24)-(26) for
cell interface fluxes.
Hence, the semi-discrete scheme (27) can be re-written as

dw; F,-F, 1
e A CERL R (32)

Only the last component of vectors S,-i% are non-zero as given by (30).

The above scheme is first order accurate in space. To achieve high order accuracy, the initial reconstruction strategy must
be applied for interpolating the cell averaged variables W;. Here, a second order accurate MUSCL-type initial reconstruction
procedure is employed. Starting with a piecewise-constant solution, W;, one reconstruct a piecewise linear (MUSCL-type)
approximation in x-directions by selecting the slope vector (differences) W*. The boundary extrapolated values are given as

1 1
L R
W, =W, - ij, W, =W, + EW?.

A possible computation of these slopes, is given by family of discrete derivatives parameterized with 1 < 0 < 2, for

example

Wi = MM{BAW%g (Awﬂ% + Awi,%) : 9Awi,%}, (33)

where 1 < 0 < 2 is a parameter and A denotes central differencing,
AW; W - W,

+ =
Here MM denotes the min-mod non-linear limiter
min;{x;} ifx >0 Vi
MM{x1,X,,...} = max;{x;} if x; <0 Wi, (34)
0 otherwise.

On the basis of above reconstruction, a semi-discrete high resolution kinetic solver is given as

dWi - Fi+%(wf'-+lvwf) - Fi_%(Wf-'7Wﬁ]) " si+%(W{'-+17W$) - si—%(W{j?Wﬁl) (35)

dt Ax AX ’
To obtain second order accuracy in time, we use a second order TVD Runge-Kutta scheme to solve (35). Denoting the
right-hand side of (35) as L(W), a second order TVD Runge-Kutta scheme update W through the following two stages

(see e.g. [18])

WO = W™ AtL(W™), (36a)
W = %(w" + W L AtL(WDY), (36b)

where W" is a solution at previous time step and W™*! is updated solution at next time step. Moreover, At represents the
time step.

2.3. One-dimensional central schemes
In order to validate the results of KFVS scheme, we extend the high-resolution non-oscillatory central schemes of Ness-

yahu and Tadmor [14] for the solution of current two-fluid flow model. These predictor-corrector type methods are applied
in two steps. In the predictor step, the mid-point values are predicted by using the non-oscillatory piecewise-linear recon-
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structions of the cell averages. In the second corrector step, staggered averaging, together with the predicted mid-values, are
used to obtain the updated cell averaged solution. The source term in the central schemes is approximated in the same man-
ner as done by Liotta et al. [9] for relaxation-type hyperbolic conservation laws. In summary, the scheme can be presented as

¢ ¢

Predictor : W;”% =W/ - SF(W}) + ESX(W?X (37)
C n+1 1 n n 1 X . [pntd n+} . [onts n-+}
orrector : WITY' = = (W} + W}, ) +5 (W} — W) - QLA Al R (38)
where ¢ = At/Ax. The non-zero component of source vector in (38), according to (14), is given as
1 11 1 1 1 1 1 1 1 1 1
st = =5 () (ol — o) =5 (@B + wp)Y) (b7 - P (39)
Moreover, . F'(W;) stands for an approximate numerical derivatives of the flux F(t,x = x;)
1 0
axF Wi) =z Fw(t,x = X;) + 0(Ax). (40)

Analogously, S*(W;) can be defined. Like W; in (33), the fluxes F*(W;) are computed by applying the min-mod limiter to
each of the component of F. Moreover, S*(W;) can be obtained from the already calculated values of W;. This componentwise
approach is one of the main advantages offered by central schemes over corresponding characteristic decompositions re-
quired by upwind schemes.

3. Two-dimensional two-flow flow model

In two-space dimensions the two-fluid flow model of six equations is given as

W: + FW), + G(W), =Q +R, (41a)
where Q and R are source term effects along x- and y-coordinate directions:

W = (p, pu, pv, pE, p, %, p, E120)", (41b)

F = (pu, pu? + p, puv, puk + pu, p,ua, (p,E; +poyu)’, (41¢)

G = (pv, puv, pv* + p, pvE + pv, p,va, (p,E1c +pa)v), (41d)

Q =(0,0,0,0,0,s,)", R=(0,0,0,0,0,s,)". (41e)

As mentioned before, the energy equation are directional independent, therefore for one- and two-dimensional problems
the procedure of calculating primitive variables is same. For the two-dimensional case, however, we briefly explain them
again. Let |u| := vu? + 22. The total energies of fluids 1 and 2 are given as

1 1 2
p1E1rx7Fpoc+jploc|u| , (42)
1
PoE2(1 — ) = ———=p(1 — ) +5 (p— pr)lul. (43)
Y2
On adding the above two equations, we obtain the total bulk energy
o 11— 1 5
E:<—+—>p+— ul”. 44
Moreover, the expressions for the pressure and volume fraction are given as
1 1
p= 1= 1)(piFr= g praa) + (= 1) (PE - piEro 50— (p)lul ). (45)
(1 = D((p1Ere0) = S (py0)luf?
a:1<1 2 >. (46)
p
Analogously, the components of source vectors in (41e) are given as
Sx = u((pat), — Bpx), Sy = v((p%), — Bpy)- (47)

3.1. Two-dimensional KFVS scheme

In order to solve (41) numerically, we discretize the given computational domain. Let N, and N, be large integers in the
x- and y-directions, respectively. We assume a Cartesian grid with a rectangular domain [0, Xmax] x [0, ¥max] Which is covered
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by cells C;; = [x,«#x”%] X [yjf%, Y %} for1 < i< Nyand1 <j < N,. The representative coordinates of the cell C; are denoted by
(X:,¥;). In each cell C; we use the cell averaged values of conservative variables

Wij(f) (t Xi, yj) AXAy /X i ZW(t X, y)dydx (48)

Integration of Eq. (41a) over control volume [x X ] [ if%,yﬂ%} gives

aw; 1 1
. LT fAfy[G,Hl Gy ] AX X / ) /y Q(t,x,y) + R(t,x,y)|dydx, (49)

where

Fo.=F,+F, G

1+— i+14°

i+l = G;+G,y- (50)

The splitting of above fluxes can be obtained along each coordinate direction in a manner similar to the one-dimensional
case. In this case, the flux-vector F at the cell interfaces perpendicular to the x-axis is split according to the x-component of
the velocity denoted by u and the flux-vector G at the cell interfaces perpendicular to the y-axis is split according to the
y-component of velocity represented by .

The source term integrals in (49) can be approximated in the same manner as in the one-dimensional case. They are given

as
X1 Vi1
/ o / st xy)dydx = Ay[ (50— (501 -
X % Y; %
X1 Vi1
/] 2 /1 ?se(t,x,y)dydx = AX[(Sy)”*% - (SY)'H} N
5y i
where
(S)isyj = Ui (PX);y; — (UB); Py, "
(Sy)ijsy = Vij(P%Y)ijuy — (VB);i;P1j:4- -

Here, w;;, vij, (up);; and (vp);; represent cell average values in the cell C;. Due to Egs. (51) and (52), the two-dimensional
semi-discrete KFVS scheme (49) can be rewritten as

d\é\th.; __ ﬁ [Fioyy—Fiy| - Aly [Giy — Gy + i Q- Qiy]+ Aiy [Rijiy ~ Ry y). (55)

Similar to the one-dimensional case, only last components of Q and R are non-zero. This scheme is only first accurate in
space. The second order accuracy of the scheme along each coordinate direction follows the same procedure as explained
in the one-dimensional case. To obtain second order accuracy in time, the second order TVD Runge-Kutta scheme (36b) is
used.

4. Two-dimensional central scheme

The two-dimensional central schemes was proposed by Jaing and Tadmor [7]. The scheme has a two-step predictor—-
corrector fogm Starting with the cell averages, W} '» we use the first-order predictor step for the evolution of the mid-point
values, W"+2 followed by the second-order corrector step for computation of the new cell averages W"j‘ Like the one-
dlmenswnal case, no exact (approximate) Riemann solvers are needed. The non-oscillatory behavior of the scheme is depen-
dent on the reconstructed discrete slopes, W*, W, F¥(w), and G*(w). At each time step the grid is staggered to avoid the flux
calculation at the cell interfaces. The scheme is summarized below.

In the predictor step one has to calculate the mid-point values by using
m_we _Spwe) - Tertwe) 4 st owny o Tsrown
Wi;* = W} - 5F (w) 3G (w )+zs (W) + 3§ (W), (56)

where ¢ = At/Ax and 1 = At/Ay. This step is followed by a corrector step to get the updated values at the next time step by
using
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W?:;ﬁ; = % (W + W+ W+ Wmm) 16 (WX WT+1,/> ; <F?++12] - FMZ) 116 (Wfﬁl Wfﬂm)
(R R g (W owe ) - T (G ) e (w W)
ek ) s (e Q) S (e ) D (R R
w3 (R, -RLE). (57)

The approximation of the non-zero source differences in the above equation follow the same procedure as given in (39).

5. Numerical test problems

In this section, we present six numerical test problems in order to validate the application of KFVS schemes for the sim-
ulation of two-fluid flow problems. For comparison, we use the results of high resolution central schemes [7,14] presented in
the previous section.

5.1. One-dimensional test problems

Here, we present four one-dimensional shock tube problems. The exact solutions, represented by continuous lines, are
obtained by using the same KFVS scheme on very refined mesh. The dashed lines represent the solution of KFVS scheme,
while doted lines are used for representing the results of central scheme.

Problem 1 (Translating two-fluid interface). The initial data are given as

(p,u,p,o) = (1000,1,1,1), if x < 0.25, (58)
(p,u,p,o) = (1,1,1,0), if x> 0.25. (59)

The ratio of specific heats are given as y, = 1.4 and y; = 1.6. We have chosen 200 mesh cells and the final simulation time
is t = 0.1. This problem is a contact discontinuity of water-air density ratio. The numerical results are shown in Fig. 2. The
same problem was also considered in [8,21]. In this problem, both pressure and velocity are the same. Therefore, the inter-
face is moving to the right with uniform speed and pressure. The numerical results show that KFVS scheme resolves the two-
fluid interface very well as compared to the central scheme. Moreover, both velocity and pressure profiles are oscillation free.

Problem 2. This problem is analogous to the Sod’s problem in the single phase gas dynamics which was also studied in [21].
Here, the density and pressure ratios are larger and the left gas and right gas have different ratios of specific heats. Both gases
are separated by a very thin membrane located at x = 0.5. The gases on both sides of the membrane are at rest. The left side
gas has high density and pressure compared to that on the right side of the membrane. After removing the membrane, the
gases evolution in time take place. The initial data are given as

(p,u,p,o) = (10,0,10,1), if x<0.5 (60)
(p,u,p, o) = (0.125,0,0.1,0), if x> 0.5. (61)

The ratio of specific heats for the left and right side gases are taken as y, = 1.4 and y; = 1.6, respectively. The numerical
results at t = 0.015 are shown in Figs. 3 and 4. The solution contains a left-going rarefaction wave, right-going shock wave
and the right-moving two-fluid interface. In Fig. 3, the solutions of KFVS and central scheme are compared at 300 mesh cells.
The exact solution is obtained from the same KFVS scheme at very refined mesh. Both schemes give correct location of the
discontinuities. Moreover, no pressure oscillations are observed in the solution. Finally, Fig. 4 shows the zoomed plots of
density and pressure. The results show that KFVS scheme resolve the sharp discontinuities better than the central scheme.

Reflecting
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Out Flow

Out Flow

Ehock

4.5
Reflecting

Fig. 1. Sketch of computational domain.
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Problem 3. The initial data are given as

(p,u,p,0) = (2.0,0,1000,1), if x<0.5

(62)
(p,u,p, o) = (1,0,0.01,0), if x> 0.5.

(63)

The ratio of specific heats are given as 7, = 1.4 and y; = 1.2. This is a very hard test problem for a numerical scheme. The
solution contain a left moving rarefaction wave, a contact discontinuity, and a right moving shock wave. The right moving
shock hits the interface at x = 0.5. The shock continues to move towards right and a rarefaction wave is created which is

moving towards left. We choose 500 mesh cells and the final simulation time is taken as t = 0.012. The numerical results
are shown in Figs. 5 and 6. The figures show that both schemes give comparable results.

Problem 4 (No-reflection problem). The initial data are given as

(p,u,p,0) = (3.1748,9.435,100,1), if x< 0.5,

(64)
(p,u,p,a) =(1,0,1,0), if x> 0.5.

(65)

The ratio of specific heats are given as 7, = 1.667 and 7y, = 1.2. We have chosen 400 mesh cells and the final simulation
time is t = 0.02. This is also a hard test problem for a numerical scheme with large jumps in the pressure at the interface. The
choice of pressure and velocity jump over the shock prevents the creation of a reflection wave. Therefore, a shock wave
moves to the right. The numerical results are shown in Fig. 7. The results of KFVS scheme seems to be superior than the cen-
tral scheme. Moreover, wiggles are visible in the velocity and pressure plots of both schemes, representing small waves that

are reflected to the left. However, unlike real velocity and pressure oscillations, these wiggles reduces in size on refined
mesh. Similar wiggles are also visible in the results presented in [8,21].

1.01 T T - T
— exact — exact
1000 --- KFVS | ---FVS
Al L central)| | | central
a
a L 4
800 | : 1.005
E
E
E
600 [ 1 |
& 1 s 1
400 | 1
0.995 | 1
200 1 |
L
i
5
",
O 1 1 1 A3 L 099 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
X—axis X-axis
1.01 1.2 T T - T
— exact — exact
FVS --- KFVS
central 1 ~1 [ central [
Al
1.005 | ]
0.8} ' |
Fl
1
0.6 i ]
o 1 3
04 1
0.2} 3 1
0.995 | 1 3
0
0.99 . . . . ~02 . . . .
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

X—axis X—axis

Fig. 2. Results of problem 1 on 200 mesh cells at t = 0.1.
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5.2. Two-dimensional test problems

To test our numerical scheme for two-dimensional problems, two test cases are considered. We study the impact of a
shock in air on a bubble of a lighter and a heavier gas, originally studied by Haas and Sturtevant [4]. The numerical compu-
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tations are reported, among others, by Quirk and Karni [15], Marquina and Mulet [11], Kreeft and Koren [8], and Wackers and
Koren [21]. A schematic computational setup is sketched in Fig. 1. We consider a shock tube of length 4.5 and width 0.89. The
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Zoomed results of problem 3 on 500 mesh cells at t = 0.012.



y-axis

y—axis

S. Qamar, M. Ahmed/Journal of Computational Physics 228 (2009) 9059-9078 9071

10 . i . . . . . . . 10 - - - - - - T T T
— exact { 9l =7 ]
9 H---KFVS ! E
central { 8l ]
8| H g
H 7t |
7 i g
i 6} |
6| | ]
: 5 5F 1
5t E g 4l 1
4t i 1 3l 1
3F 1 2 ]
— exact
2+ g 1 H---KFVS |
] 0 central
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X—axis X—axis
120 T T T T T T T T r T T T T T T T T r
100 A 1 1 - 1
80 | g 0.8 } |
60 | g 3 06} g
40t 5 ] 04} ]
20 [[— exact g . 0.2 f— exact -
---KFVS --- KFVS '
central 0 central t
0 :